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Abstract
We gauge the central charge of the N = 2 supersymmetry algebra in rigid su-
perspace. The Fayet Sohnius hypermultiplet with gauged central charge coincides
on-shell with N = 2 supersymmetric electrodynamics. The gauge couplings of the
vector-tensor multiplet turn out to be nonpolynomial.
Since the appearance of the vector-tensor multiplet [1] in string theory [2] (see also
[3]), much effort has been made to derive consistent interactions both with itself and
with background vector multiplets [4, 5, 6]. The presence of Chern-Simons couplings
in particular seemed to be a general feature of the possible interactions.
Recently, however, a gauge theory was constructed outside the framework of su-
persymmetry which resembled the vector-tensor multiplet with local central charge
transformations and resulted in a nonpolynomial action without any Chern-Simons
forms [7]. The same model was found by different means as a particular example in a
more general class of theories (eq. (17) of [8]) where it is formulated in a polynomial
first-order form. In the present paper we obtain the supersymmetric generalization
of this action.
Gauging the central charge does not imply gravitational interactions. This is re-
markable because the transformation generated by the central charge is frequently
considered as a translation δz in an additional dimension of space-time and gaug-
ing translations leads to gravitational interactions. Nevertheless the Fayet Sohnius
hypermultiplet and the vector-tensor multiplet with gauged central charge exhibit
some features which are reminiscent of gravity, in particular the inverse of some
fields has to exist just as the inverse of the metric in gravity.
Our considerations are based on the supersymmetry algebra
{Diα , D¯α˙j} = −iδ
i
j σ
a
αα˙Da [Da , Db ] = Fab δz
1
{Diα , D
j
β} = εαβ ε
ijZ¯δz [D
i
α , Da ] =
i
2
(σaλ¯
i)αδz (1)
{D¯α˙i , D¯β˙j} = εα˙β˙ εijZδz [ D¯α˙i , Da ] =
i
2
(λiσa)α˙δz .
The real generator δz is central and commutes with all generators of the supersym-
metry algebra,
δz = δz
∗ , [ δz , D
i
α ] = 0 , [ δz , D¯
j
α˙ ] = 0 , [ δz , Da ] = 0 . (2)
Da is the gauge covariant derivative
Da = ∂a + Aaδz (3)
and Fab the abelian field strength of the gauged central charge
Fab = ∂aAb − ∂bAa . (4)
The algebra (1) might as well be read as an algebra with a gauged abelian transfor-
mation and no central charge. However, the scalar field Z has to have a nonvanishing
vacuum expectation value as we will see.
Z, Z¯, λiα and Aa are component fields of the vector multiplet which is completed by
an auxiliary triplet Y ij = Y ji = (Yij)
∗
λiα = D
i
αZ , λ¯α˙i = D¯α˙iZ¯ ,
Y ij = 1
4
(DiDjZ + D¯iD¯jZ¯) ,
Fab =
1
4
(DiσabDiZ − D¯iσ¯abD¯
iZ¯) .
(5)
They are tensor fields and carry no central charge. So they are unchanged by gauged
central charge transformations sz with a real gauge parameter C(x) with arbitrary
space-time dependence. Under these transformations the vector field Aa is changed
by the gradient of the gauge parameter,
szZ = 0 , szλ
i
α = 0 , szλ¯α˙i = 0 , szY
ij = 0 , szAa = −∂aC . (6)
To construct invariant actions, we make use of the linear multiplet with gauged
central charge as in [9]. One starts from a field
Lij = Lji = (Lij)
∗ (7)
satisfying the constraints
D(iαL
jk) = 0 = D¯
(i
α˙L
jk). (8)
It contains among its components a real vector V a = − i
6
Diσ
aD¯jL
ij , which is con-
strained by
DaV
a = 1
12
δz
[
ZDiDj + 3Yij + 4λiDj
]
Lij + h.c. (9)
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From the identity
sz(AaV
a) = −(∂aC)V
a + AaCδzV
a = −∂a(CV
a) + CDaV
a
it follows immediately that
L = 1
12
[
ZDiDj + 3Yij + iAaDiσ
aD¯j + 4λiDj
]
Lij + h.c. (10)
is invariant under gauged central charge transformations upon integration over
spacetime. This action is also N=2 supersymmetric, as can be checked by explicit
calculation. So once we have constructed a multiplet on which the algebra (1) is
realized we try to construct a composite field Lij which satisfies (8) and use (10) as
a Lagrangian.
The Fayet Sohnius Hypermultiplet with Gauged Central Charge
This multiplet is obtained from a complex doublet ϕi, ϕ¯i = (ϕ
i)∗ subject to the
constraints
D(iαϕ
j) = 0 = D¯
(i
α˙ϕ
j) . (11)
The independent components are
ϕi , χα =
1
2
Dαiϕ
i , ψ¯α˙ =
1
2
D¯α˙iϕ
i , F i = δzϕ
i (12)
and their complex conjugates. The algebra (1) determines their supersymmetry
transformations1
Diαχβ = −εαβZ¯F
i , D¯iα˙χα = iDαα˙ϕ
i ,
D¯iα˙ψ¯β˙ = εα˙β˙ZF
i , Diαψ¯α˙ = −iDαα˙ϕ
i , (13)
DiαF
j = εijδzχα , D¯
i
α˙F
j = εijδzψ¯α˙ ,
and their transformations under δz
δzχα = −
1
Z
(
iDαα˙ψ¯
α˙ + λαiF
i
)
,
δzψ¯α˙ = −
1
Z¯
(
iDαα˙χ
α + λ¯α˙iF
i
)
, (14)
δzF
i =
1
|Z|2
(
DaDaϕ
i + λiδzχ+ λ¯
iδzψ¯ − Y
ijFj
)
.
The above central charge transformations δz are manifestly covariant. They are,
however, defined only implicitly because the covariant derivatives Da on the right
hand side also contain δz, (3). Solving for δz of the fields as in [7] we find
δzχα = −(|Z|
2 − AaAa)
−1
[
Z¯(i∂αα˙ψ¯
α˙ + λαiF
i) + iAαα˙(i∂
α˙βχβ − λ¯
α˙
i F
i)
]
, (15a)
1We exchange without further notice a vector index a for a pair of spinor indices e.g. Dαα˙ =
σ
a
αα˙
Da.
3
δzψ¯α˙ = −(|Z|
2 − AaAa)
−1
[
Z(i∂αα˙χ
α + λ¯α˙iF
i) + iAαα˙(i∂
β˙αψ¯β˙ − λ
α
i F
i)
]
, (15b)
δzF
i = (|Z|2 −AaAa)
−1
[
∂a∂aϕ
i + ∂bA
bF i + 2Ab∂bF
i − Y ijFj
+ λiδzχ + λ¯
iδzψ¯
]
,
(15c)
which requires (|Z|2 − AaAa) not to vanish, i.e. Z has to have a nonvanishing vac-
uum expectation value. Explicit calculation confirms that these expressions indeed
transform as tensors under gauged central charge transformations sz, i.e. without
derivatives of the transformation parameter C.
Invariant actions are now easily found by constructing linear multiplets out of the
components (12). Since the constraints on ϕi have not changed as compared to
ungauged central charge transformations, we can use the composite fields already
given by Sohnius [10],
Lij0 = ϕ
(i
↔
δzϕ¯
j) , Lij1 = −2iκϕ
(iϕ¯j) . (16)
The first one leads to the following Lagrangian
L0 = ∂
aϕ¯i ∂aϕ
i − i
2
(
χσa
↔
∂aχ¯ + ψσ
a
↔
∂aψ¯
)
+ (|Z|2 − AaAa)F
iF¯i . (17)
This result could have almost been anticipated in view of the central charge trans-
formation eq. (15c). Although the corresponding action is gauge invariant we have
no gauge interactions but a free massless theory because the gauge field couples only
to the auxiliary fields. The path integral, however, is different from a free theory
because it is restricted by (|Z|2 − AaAa) > 0.
Interactions and masses are introduced by Lij1 which yields the Lagrangian
1
κ
L1 = iA
a
(
ϕ¯i
↔
∂aϕ
i
)
+ i(|Z|2 − AaAa) (ϕ
iF¯i − ϕ¯iF
i)− iY ijϕ¯iϕj
+ iϕ¯i (λ
iχ + λ¯iψ¯)− iϕi (λ¯iχ¯− λiψ) + i(Zχψ − Z¯χ¯ψ¯)
+ Aa(χσ
aχ¯− ψσaψ¯) .
(18)
It is remarkable that here interactions follow from the linear multiplet Lij1 , which
in the case of global central charge transformations gives only the mass terms while
couplings to gauge fields of a possible additional symmetry are tied to the kinetic
energies through the covariant derivatives.
From L = L0 + L1 we now compute the Euler-Lagrange derivatives of the hyper-
multiplet,
∂ˆL
∂ˆF¯i
= (|Z|2 −AaAa) (F
i + iκϕi) ,
∂ˆL
∂ˆϕ¯i
= −∂a∂aϕ
i + 2i κAa∂aϕ
i + iκϕi∂aA
a − iκ Y ijϕj
− iκ (|Z|2 − AaAa)F
i + iκ (λiχ+ iλ¯iψ¯) ,
(19)
4
∂ˆL
∂ˆχ¯α˙
= −i(∂α˙α − iκAα˙α)χα − iκ Z¯ψ¯
α˙ − iκϕiλ¯α˙i ,
∂ˆL
∂ˆψα
= −i(∂αα˙ − iκAαα˙)ψ¯
α˙ + iκZχα + iκϕ
iλαi .
These equations of motion imply F i = −iκϕi, and the gauged central charge trans-
formations reduce on-shell to gauged U(1) transformations. We obtain on-shell N=2
supersymmetric electrodynamics. For example, if one uses the equations of motion
the transformation (15a) simplifies to
δzχα = −iκχα . (20)
Nevertheless the action is different from N = 2 supersymmetric electrodynamics. A
surprising feature is that the coupling of the gauged central charge vanishes if the
mass of the Fayet Sohnius hypermultiplet vanishes.
The Vector-Tensor Multiplet with Gauged Central Charge
For the vector-tensor multiplet gauging the central charge is slightly more involved.
This multiplet is obtained from a real scalar field L, which for ungauged central
charge satisfies the constraints
L = L∗ , D(iα D¯
j)
α˙ L = 0 , D
(iDj)L = 0 . (21)
Simply replacing the flat derivatives Diα and D¯
j
α˙ with gauge covariant derivatives D
i
α
and D¯jα˙ leads to inconsistencies that show up at a rather late stage of the process of
evaluating the algebra on the multiplet components. This problem can be avoided,
however, by a suitable change of the above constraints. They must preserve the
field content as compared to the case of ungauged central charge. A consistent set
of constraints for the vector-tensor multiplet with gauged central charge is given by
D(iα D¯
j)
α˙ L = 0 ,
D(iDj)L =
2
Z¯ − Z
(
D(iZDj)L+ D¯(iZ¯D¯j)L+ 1
2
LD(iDj)Z
)
.
(22)
Let us briefly comment on how these constraints were obtained. We considered the
following Ansatz, with the coefficients being arbitrary functions of Z and Z¯,
D(iα D¯
j)
α˙ L = f D
(i
αZD¯
j)
α˙ L− f¯ D¯
(i
α˙ Z¯D
j)
α L ,
D(iDj)L = F D¯(iZ¯D¯j)L+GD(iZDj)L+HLD(iDj)Z .
(23)
The constraints have to satisfy the necessary consistency conditions
D(iαD
jDk)L = 0 , D¯
(i
α˙D
jDk)L = D(iDjD¯
k)
α˙ L , (24)
which yield a system of differential equations for the coefficient functions. The first
condition requires
f¯F = 0 , H = 1
2
G , ∂ZG =
1
2
G2 , ∂ZF = F (
1
2
G− f) , (25)
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while the second leads to
f = H − 1
2
F , ∂Zf = f(G− f) , ∂Z¯H = f¯H +
1
2
FH¯ ,
∂Z¯F = F (
1
2
G¯+ f¯) , ∂Z¯G− ∂Z f¯ = f f¯ +
1
2
FF¯ . (26)
We chose to investigate the case F 6= 0 in detail and postpone a discussion of the
solutions to F = 0 as they are much more involved. If F 6= 0, we have f = 0 and
G = 2H = F , where F has to satisfy the differential equations
∂ZF =
1
2
F 2 , ∂Z¯F =
1
2
FF¯ . (27)
The general solution is
F (Z, Z¯) =
2e−iϕ
eiϕZ¯ − e−iϕZ + ir
, r, ϕ ∈ R . (28)
The parameters can be removed by a redefinition
Z → eiϕ(Z + i
2
r) , Diα → e
−iϕ/2Diα ,
which eventually leads to the constraints given in eq. (22).
The other solutions to the consistency conditions are currently under investigation.
In particular one has to determine all the transformations and to check whether
they indeed represent the algebra. Unfortunately, we do not know of any other and
shorter way to determine whether the constraints are consistent.
The constraints (22) are linear in the components of the vector-tensor multiplet.
This implies that we will not encounter any self-interactions, in particular no cou-
pling to a Chern-Simons form of the vector component can arise.
We now investigate the consequences of the constraints (22). The independent
components of the multiplet can be chosen as
L , ψiα = iD
i
αL , ψ¯α˙i = −iD¯α˙iL , U = δzL ,
Gαβ =
1
2
[Diα , Dβi ]L , G¯α˙β˙ =
1
2
[ D¯iα˙ , D¯
i
β˙
]L , (29)
Wαα˙ = −
1
2
[Diα , D¯α˙i ]L .
In addition some abbreviations will prove useful in the following,
I = ImZ , R = ReZ ,
Λa =
1
2
(λiσaψ¯i + ψ
iσaλ¯i) , Σab = i(λiσabψ
i − ψ¯iσ¯abλ¯
i) . (30)
The supersymmetry transformations then read
DiαU = −iδzψ
i
α ,
DiαWa =
(
iZ¯ σaδzψ¯
i + 1
2
Uσaλ¯
i −Daψ
i
)
α
,
DiαGab =
(
2I σabδzψ
i + Uσabλ
i + iεabcdσ
cDdψ¯i
)
α
, (31)
6
Diαψ
j
β =
i
2
εij(εαβZ¯U + σ
ab
αβGab) +
i
2I
εαβ(λ
(iψj) − λ¯(iψ¯j) + iY ijL) ,
D¯iα˙ψ
j
α =
1
2
εijσaαα˙(DaL+ iWa) .
The central charge transformations contain covariant derivatives similar to the case
of the hypermultiplet and may be solved in complete analogy, but it is more advan-
tageous to use the manifestly covariant expressions
δzψ
i =
i
Z
(
σaDaψ¯
i − λiU
)
+
i
2ZI
[
i
2
Z¯λiU − Y ijψj + iσ
aψ¯i∂aZ¯
+ Lσa∂aλ¯
i + 1
2
(DaL− iWa)σ
aλ¯i − Fabσ
abψi − i
2
Gabσ
abλi
−
i
2I
λj(λ
(iψj) − λ¯(iψ¯j) + iY ijL)
]
,
δz
[
IWa − L∂aR− Λa
]
= DbGab , (32)
δz
[
IG˜ab +RGab + LFab + Σab
]
= −εabcdD
cW d .
Here and later on we use a tilde to denote the dual
G˜ab =
1
2
εabcdG
cd. (33)
The vector Wa and the antisymmetric tensor Gab are subject to the constraints
Da
[
IWa − L∂aR− Λa
]
= 1
2
FabG
ab ,
Da
[
IG˜ab +RGab + LFab + Σab
]
= F˜bcW
c .
With the help of the central charge transformations we obtain from these covariant
expressions the equations
∂a
[
IWa − A
bGab − L∂aR − Λa
]
= 0 , (34)
∂a
[
IG˜ab +RGab + εabcdA
cW d + LFab + Σab
]
= 0 , (35)
which identify the brackets as duals of the field strength of a 2-form Kab and a
1-form Ta, respectively,
IWa =
1
2
εabcd(∂
bKcd − AbG˜cd) + L∂aR + Λa , (36)
IG˜ab +RGab = εabcd(∂
cT d − AcW d)− LFab − Σab . (37)
We cannot read off Wa and Gab, however, since the equations are coupled as in (14).
Solving for Wa and Gab we obtain the nonpolynomial expressions
Wa =
1
IE
(
Ha − |Z|
−2AaA
bHb + |Z|
−2TabA
b
)
, (38)
Gab =
1
|Z|2
[
Tab −
R
IE
εabcdA
c
(
Hd + |Z|−2T deAe
)
−
2
E
A[a
(
Hb] + |Z|
−2Tb]cA
c
)]
.
(39)
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Here we used the abbreviations
E = 1− |Z|−2AaAa ,
Tab = ∂aTb − ∂bTa ,
Ha =
1
2
εabcd ∂
bKcd + L∂aR + Λa , (40)
Tab = I(Tab + LF˜ab + Σ˜ab) +R(T˜ab − LFab − Σab) .
It remains to give the transformations of the fundamental fields Ta and Kab. As the
brackets in eqs. (36) and (37) already indicate, the central charge transformations
read
δzTa = −Wa , δzKab = −G˜ab , (41)
while the supersymmetry generators act as
DiαTa =
(
Aaψ
i − 1
2
Lσaλ¯
i − iZ¯ σaψ¯
i
)
α
, (42)
DiαKab = −2i
(
Iσabψ
i + 1
2
Lσabλ
i + A[aσb]ψ¯
i
)
α
. (43)
Closure of the algebra on these two potentials, however, requires to add total deriva-
tives of conveniently chosen fields to the transformations as is already known from
the case of ungauged central charge.
Next, we construct a linear multiplet with lowest component Lij. Given the con-
straints (22) on L it is easy to find a field with the required properties,
Lij = i
(
D¯(iLD¯j)L−D(iLDj)L− LD(iDj)L
)
= i(ψiψj − ψ¯iψ¯j)−
i
I
L
(
λ(iψj) − λ¯(iψ¯j) + iY ijL
)
.
(44)
Applying the rule (10) we eventually obtain the Lagrangian
L = 1
2
I
(
∂aL∂aL−W
aWa + (|Z|
2 −AaAa)U
2
)
− 1
2
L2∂a∂aI
− 1
4
Gab
(
IGab − RG˜ab + 4A[aWb]
)
−
1
4I
Y ijYijL
2
+ fermion terms ,
(45)
where we used the constraints (34), (35) to combine terms into a total derivative
which was dropped thereafter. To compare with the action found in [7], we insert
the expressions for Wa and Gab,
Lbos =
1
2
I∂aL∂aL−
1
2
L2∂a∂aI +
1
2
I(|Z|2 − AaAa)U
2 −
1
4I
Y ijYijL
2
−
1
4|Z|4
T ab(ITab − RT˜ab)−
1
2IE
(Ha + |Z|
−2TabA
b)2
+
1
2I|Z|2E
(AaH
a)2 .
(46)
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With L and U set to zero and Z an imaginary constant, which breaks supersymmetry
but keeps central charge invariance, the bosonic Lagrangian indeed coincides with
the one given in [7].
It would be interesting to include self-interactions as in [6] by a further deformation
of the above constraints. This may lead to a superspace description of the results
presented in [4]. In addition there might be different ways to gauge the central
charge corresponding to different consistent constraints.
While this paper was in preparation similar results on multiplets with gauged central
charge and N = 2 supergravity were published in [11].
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